Mobius transformations of polygons and partitions of 3-space by Randell, Richard et al.
ar
X
iv
:m
at
h/
06
02
46
6v
1 
 [m
ath
.G
T]
  2
1 F
eb
 20
06
MO¨BIUS TRANSFORMATIONS OF POLYGONS AND
PARTITIONS OF 3-SPACE
RICHARD RANDELL, JONATHAN SIMON, AND JOSHUA TOKLE
September 26, 2018
Abstract. The image of a polygonal knot K under a spherical inver-
sion of R3 ∪∞ is a simple closed curve made of arcs of circles, perhaps
some line segments, having the same knot type as the mirror image
of K. But suppose we reconnect the vertices of the inverted polygon
with straight lines, making a new polygon K̂. This may be a different
knot type. For example, a certain 7-segment figure-eight knot can be
transformed to a figure-eight knot, a trefoil, or an unknot, by selecting
different inverting spheres. Which knot types can be obtained from a
given original polygon K under this process? We show that for large n,
most n-segment knot types cannot be reached from one initial n-segment
polygon, using a single inversion or even the whole Mo¨bius group.
The number of knot types is bounded by the number of complemen-
tary domains of a certain system of round 2-spheres in R3. We show
the number of domains is at most polynomial in the number of spheres,
and the number of spheres is itself a polynomial function of the number
of edges of the original polygon. In the analysis, we obtain an exact
formula for the number of complementary domains of any collection of
round 2-spheres in R3. On the other hand, the number of knot types
that can be represented by n-segment polygons is exponential in n.
Our construction can be interpreted as a particular instance of build-
ing polygonal knots in non-Euclidean metrics. In particular, start with
a list of n vertices in R3 and connect them with arcs of circles instead
of line segments: Which knots can be obtained? Our polygonal inver-
sion construction is equivalent to picking one fixed point p ∈ R3 and
replacing each edge of K by an arc of the circle determined by p and
the endpoints of the edge.
1. Introduction
Inversion of 3–space through a sphere is a well-known transformation of
R
3 ∪∞. If Sp,r is the round sphere of radius r centered at the point p, the
mapping
ρ(x) = p+
r2(x− p)
|x− p|2
sends p ⇆∞ and fixes the points of Sp,r. Sphere inversions are conformal
maps, take circles and lines to circles or lines, spheres and planes to spheres
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or planes. We consider planes as spheres through infinity, and include re-
flections in planes as inversions through spheres. The composition of an
even number of sphere inversions [is orientation-preserving, and] is called
a Mo¨bius transformation. The inversions form a group under composition.
For the purposes of this paper, we want to include orientation-reversing
maps as well, so we will use the term Mo¨bius transformation to mean any
composition (even or odd) of sphere inversions. (See e.g. Section 2.2 of
[7] for a general introduction to Mo¨bius transformations and their classical
interpretations.)
We denote the mirror image of a knot K by K∗. If K is a polygonal
knot in R3, and ρ is an inversion (whose center does not lie on K), the set
ρ(K) is a closed curve (see Figure 1) that is the union of arcs of circles and
perhaps (if the center of inversion is colinear with some edges of K) some
line segments. The knot ρ(K) is isotopic to K∗.
What would happen if instead of using the spherically inverted edges of K
to connect the vertices of ρ(K), we formed a new polygon by connecting the
successive vertices of ρ(K) with line segments? Call this operation polygonal
inversion and denote the resulting polygon by ρˆ(K). (See Figures 2, 3).
The polygon ρˆ(K) may be singular, but in general it is an embedded knot,
perhaps very different from K∗: Which knot types can be obtained this way
from a given starting polygon K?
Here is another way to visualize the knot type of ρˆ(K). Keep the vertices
ofK the same and replace each edge by a certain circle-arc, as follows (Figure
4): For each edge of K, construct the circle containing the endpoints x,y of
the edge and the inversion center p. Replace the edge [xy] of K by the arc
〈xy〉 of that circle not containing p; call the circular polygon we get K˜. See
Figure 4. Then K˜ = ρ(ρˆ(K)), so K˜ is the same knot type as ρˆ(K)∗. Seen
this way, our question of which knot types can arise as K̂ is a special case
of the problem of determining which knot types can arise if one replaces the
edges of a polygonal knot by a some set of circle-arcs, passing in this way
from Euclidean polygons to non-Euclidean polygons.
We originally were led to the study of inverting polygons from questions
about knot energies, in particular to find polygons that look very differ-
ent geometrically yet have the same, or at least close, polygonal knot en-
ergies. Suppose K is an inscribed fine-mesh approximation of a smooth
curve C. According to [6], the minimum distance energy Emd(K) is close
to the Mo¨bius energy EO of C. If we apply a sphere inversion ρ, then
EO(ρ(C)) = EO(C), even though they may look very different in Euclidean
geometry. The polygon ρˆ(K) will be an inscribed polygon for ρ(C). If the
center p is not too close to K, then ρˆ(K) will be a close approximation of
ρ(C) and so Emd(ρˆ(K)) ≈ EO(ρ(C)) = EO(C) ≈ Emd(K). This approach
has led us to many local minima for Emd with similar energies.
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As just noted, if K looks nearly smooth, then ρˆ(K) may also look nearly
smooth and be of the same knot type as K (in particular, isotopic to K∗)
But for knots made of relatively few edges, the knot type of ρˆ(K) may vary.
In Section 2, we give several examples of polygonal inversions: a right-
handed trefoil that can be changed to itself, or an unknot, or a LH trefoil; and
a 7-segment figure-eight knot where the polygons ρˆ(K) include an unknot, a
right-handed trefoil knot, and a left-handed trefoil knot, along with figure-
eights. These are ([5] [4] [3]) all the knot types that can be represented as a
polygon with 7 edges. Are there other situations where a particular starting
polygon is “universal” like this particular 7-segment figure-eight?
Note that if K can be inverted to ρˆ(K), then the same polygonal inversion
takes ρˆ(K) to K; so polygonal inversion can make knots more complicated
as well as simpler. Also if we allow compositions of inversions, then for any
“universal” polygon K, each of the polygonal inverses ρˆ(K) also is universal.
Finally, at the other extreme, we describe a large class of polygons (repre-
senting all knot types) for which polygonal inversions yield only the original
knot type and its mirror image.
We show in this paper that, in general, the knot types that can be obtained
from a given original n-segment knot K are a small portion of all the n-
segment knots.
Theorem 1. There are exponentially many n-segment knot types, but polyg-
onal inversions acting on a given polygon K can only yield polynomially
many knot types.
For explicit bounds, see Theorem 4, Corollary 6, and Theorem 6. In
particular, no 72-edge polygon can be inverted to reach all knot types that
can be formed with 72 edges. Since the number of n-edge knot types is much
larger than the known minimum bound that we use in our calculations, we
expect that the critical number of edges is considerably smaller than 72.
In Section 3, we give some basic properties of sphere inversions. In Sec-
tion 4 we show that the number of knot types arising from a single inversion
of a given n−edge polygon K is bounded by the number of complementary
domains of a certain system of m round 2-spheres (including the possibility
that some are planes), where m ≤ n(n− 3)/2.
In Section 5 we show that a system of m round 2-spheres (including
perhaps planes) in R3 has at most 2
(
m
3
)
+2m complementary domains. This
is a key part of our overall argument, and may be of independent interest.
We actually obtain an exact formula for the number of domains based on
the intersection pattern of the spheres. The proof is complicated by the
fact that the spheres may not be mutually transversal. Combined with the
previous section, this says that the number of knot types obtainable from
K by one inversion is at most on the order of n6.
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In Section 6, we show that the number of n-segment knot types grows
exponentially with n. Thus, for large n, the number of knot types that can be
reached by inversion from a given polygon K is much smaller than the total
number of n–segment knot types. In particular, for large n, there cannot
exist an n-segment knot that is universal like the 7-segment figure-eight.
Finally, in Section 7, we show that if we let the whole group of Mo¨bius
transformations act on a given polygon, that is compose arbitrary numbers
of sphere inversions before reconnecting the vertices, the number of knot
types arising is no larger than twice the number from just single spherical
inversions. Thus our theorem (use 75 edges instead of 72) applies as well to
the action of the whole Mo¨bius group.
2. Examples of changing knot type via inversions
2.1. Mo¨bius inversion vs. polygonal inversion. In Figure 2 and Figure
3 we show a particular 7-segment RH-trefoil knot and two different inversion
spheres. The circle-arc “polygons” ρ(K) must be equivalent toK∗. However,
in the first example, ρˆ(K) is a RH-trefoil, while in the second example, ρˆ(K)
is unknotted. For sufficiently large numbers c, if we use a sphere of radius
c centered at the point (c, 0, 0), then the polygon ρˆ(K) is be equivalent to
K∗ (see Section 3).
2.2. A 7-segment figure-eight knot that is “universal”. For a certain
7-segment figure-eight knot, there are spheres of inversion that yield unknots,
left-handed trefoils, right-handed trefoils and figure-eight knots. These are
([5] [4] [3]) all the knot types that can be represented as polygons with ≤ 7
edges.
The vertex matrix of the initial figure-eight K is:

−1 −13 24
−9 24 19
−27 −15 −20
45 3 −2
−23 7 34
30 −15 −37
−16 10 −17


By choosing different centers of inversion (the radii do not matter; see
first paragraph of Section 4) we obtain
Center of Inversion Knot Type of ρˆ(K)
(0, 0, 0) Unknot
(−6,−6,−6) RH trefoil
(100, 100, 100) LH trefoil
(1000, 1000, 1000) mirror image K∗
In addition to studying how the operation ρˆ changes topological knot type,
one might also ask how it changes polygonal knot type, that is equivalence
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in which polygons must be deformed keeping the number of edges fixed.
It is shown in [1] that any seven-segment figure-eight is equivalent, in this
strong sense, to its mirror image. From this, and our analysis in Section 4, it
follows that for far-away centers of inversion, ρˆ(K) is polygonally equivalent
to K, not to the reverse of K (which is polygonally different, again by [1]).
2.3. Leaving a knot fixed. Suppose K is constructed so that its vertices
all lie on one round sphere S. Every knot type can be realized this way.
(For example, given a tame knot type, there exists a number N such that
[4] every linear embedding in R3 of the complete graph on N points contains
a cycle of the given knot type). Inversion in S takes K to a circle-polygon
ρ(K) of type K∗; on the other hand, ρˆ(K) = K (all vertices are fixed by the
inversion). In fact (see Section 4), for such K, all spheres centered inside S
give ρˆ(K) ≈ K, while all spheres centered outside S give ρˆ(K) ≈ K∗.
2.4. General remarks. Note that ρˆ is an inversion in the sense that for
any polygon K, ρˆ(ρˆ(K)) = K. Thus if some ρˆ takes an 819 polygon to
an unknot, then the same ρˆ takes the unknotted polygon to the 819. So
polygonal inversion can make knots more complicated as well as simpler.
Sometimes an inversion distorts a polygon so much that it is hard to
see the knot type just by looking at the output polygon. To confirm ex-
periments, after inverting the polygons, we have relaxed them using the
minimum-distance energy Umd and software MING [8]. We also used a
modification of MING done by E. Rawdon, which incorportates sphere-
inversions. More recently, we have used R. Scharein’s KnotPlot and an
implementation of MING ported into KnotPlot by T. Pogmore, for both
inversion experiments and knot relaxations.
3. Notation and basic properties of sphere inversions
For a given center p and radius r, let ρ[p, r] denote inversion in the sphere
of radius r centered at p. Suppose K is a polygon, and p is not one of the
vertices of K. Then ρ[p, r](K), the image of K under the inversion map, is a
knot in R3 equivalent to K∗. Let ρˆ[p, r](K) denote the polygon obtained by
inverting the vertices of K and reconnecting them with line segments. We
sometimes suppress the [p, r] and just write ρ(K) and ρˆ(K), more briefly
K̂.
The map ρ[p, r] : R3 − {p} → R3 − {p} is a conformal homeomorphism.
(The derivative Dxρ is a similarity.)
If p and r become infinite at the same rate, then the polygons ρˆ(K)
approach K∗. For example, let p = (r, 0, 0) ∈ R3. Then for any (x, y, z) ∈
R
3,
lim
r→∞
ρ(x, y, z) = (−x, y, z).
The composition of two inversions (with different radii) with the same
center p is a dilation from p. When p 6= 0, the map is an affine isomorphism,
the composition of a translation and a dilation from 0.
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Any finite composition of sphere inversions is called a Mo¨bius transfmor-
mation. If a Mo¨bius transformation µ : R3 ∪ ∞ → R3 ∪ ∞ happens to
take ∞ → ∞ (i.e. takes R3 → R3), then µ|R3 is an affine isomorphism, in
particular a composition of a translation, rotation, similarity, and perhaps
reflection in a plane.
4. Knot types are determined by sphere complements
Suppose K is a given polygonal knot. We want to bound the number of
distinct knot types that can arise as ρˆ(K), considering all possible spheres
of inversion. The first observation is that the knot type of ρˆ(K) depends
only on the choice of center p, not the radius of the sphere. As noted in the
previous section, two inversions in the same center with different radii differ
by a Euclidean similarity, which preserves knot type. We next want to show
that the possible centers of inversion fall into a relatively small number of
equivalence classes.
Fix the radius of inversion to be 1, and suppose we have two centers
of inversion, p and q. Let α(t), t = 0 . . . 1, be a path (missing K) with
α(0) = p and α(1) = q. This gives a homotopy of inversion maps and a
homotopy of polygons ρˆ[α(t), 1](K). If none of the polygons ρˆ[α(t), 1](K)
is self-intersecting, in the sense that two non-adjacent edges intersect, then
the knot types of all ρˆ[α(t), 1](K), in particular ρˆ[p, 1](K) and ρˆ[q, 1](K),
are the same. Of course, sometimes ρˆ[α(t), 1](K) is self-intersecting, which
is why the process being studied can produce many knot types.
When can ρˆ(K) be singular?. Suppose E and F are two nonadjacent
edges of ρˆ(K) that meet. Then E and F must be co-planar, in particular
the four vertices ρ(w), ρ(x), ρ(y), ρ(z) of E and F must be co-planar.
If the four points ρ(w), ρ(x), ρ(y), ρ(z) are contained in a unique plane,
then the four points w,x,y, z lie on a unique round 2-sphere [or plane] S;
and the center of inversion, p, must also lie on S. (i.e. coplanar with ∞⇄
cospherical with p.) So long as the path α(t) from p to q can be chosen
to not intersect S, we can conclude that ρˆ[p, 1](K) and ρˆ[q, 1](K) are the
same knot type.
The other possibility for a 4-tuple of vertices is that the points ρ(w),
ρ(x), ρ(y), and ρ(z) do not determine a unique plane, in which case they
are colinear. Then w,x,y, z lie on a some circle. Any path α(t) that misses
the 2-spheres described above can be wiggled slightly to miss any of these
circles as well.
If p lies on one of the 2-spheres and ρˆ[p, 1](K) is nonsingular (so we do
want to reckon with its knot type) then ρˆ[p, 1](K) has the same knot type
as for centers near p on either side of the sphere.
We conclude the following:
Theorem 2. The number of knot types that can arise as ρˆ[p, r](K), over
all r ∈ R and p ∈ R3−{vertices of K} is bounded by the number of comple-
mentary domains of the system of round 2-spheres [and planes] consisting
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of the unique spheres [or planes] determined by 4-tuples of vertices of non-
adjacent edges of K. There are at most n(n− 3)/2 such spheres, where n is
the number of vertices of K.
5. Counting complementary domains of spheres
Our goal in this section is to count the number of complementary regions
for a collection of m round two-spheres (which might intersect in various
ways) in R3. We first give an elementary proof of an upper bound, and
then establish a formula (Theorem 5) for the exact number, using work of
Ziegler and Zˇivaljevic´ [9]. From Theorem 5, we shall see that the bound
given in Theorem 4 is sharp in the sense that it is attained by any collection
of spheres that intersect generically (see Section 5.1).
Definition. A round sphere S in R3 is any set of the form
S = {(x, y, z) | (x− x0)2 + (y − y0)2 + (z − z0)2 = r20}, r0 > 0
A round circle is any non-empty transverse intersection of a round sphere
and a plane.
If S1 and S2 are round spheres, then S1 ∩ S2 must be either empty, one
point, one round circle, or S1 = S2.
Proposition 3. Let {C1, . . . , Ck} be a collection of k round circles in a
round sphere S. Then the complement S \ ∪Ci has at most k2 − k + 2
components.
Proof. The result clearly holds for k = 1. Assume it holds for k− 1 circles.
The circle Ck intersects ∪k−1i=1Ci in at most 2(k − 1) points, which separate
Ck into at most 2(k − 1) arcs. Thus, since each arc of Ck can separate
at most one complementary region of S \ ∪k−1i=1Ci in two, the number of
complementary regions of S \ ∪ki=1Ci is at most
[
(k − 1)2 − (k − 1) + 2] +
2(k − 1) = k2 − k + 2. 
Theorem 4. Let {S1, . . . , Sm} be any collection of m round two-spheres in
R
3. Then R3 \ ∪mi=1Si has at most
m3/3−m2 + 8m/3 = 2
(
m
3
)
+ 2m
components.
Proof. The theorem is clearly true for m = 1. Assume it holds for m − 1
two-spheres. By the previous result the two-sphere Sm is cut into at most
(m−1)2−(m−1)+2 regions by the round circles Si∩Sm, for i = 1, . . . ,m−1.
(Here some Si∩Sm may be points or empty.) Thus R3 \∪mi=1Si has at most
(m−1)3
3 − (m− 1)2 + 83(m− 1) + (m− 1)2 − (m− 1) + 2
= m
3
3 −m2 + 83m = 2
(
m
3
)
+ 2m
components. 
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We shall use [9, Corollary 2.8 and Theorem 2.7] to obtain a general for-
mula for the cohomology groups of R3\∪mi=1Si. Once again, let {S1, . . . , Sm}
be any collection of m round two-spheres in R3. It is clear that the in-
tersection of any collection of some of these spheres is either some Si, a
round circle, two points, a single point, or empty. Let P be the partially
ordered set (poset) of connected components of these intersections, ordered
by reverse inclusion. The order complex ∆(P ) is the simplicial complex
with vertices the elements of this partially ordered set, and simplices corre-
sponding to ordered linear chains. We include the empty set as maximal
element, denoted 1̂.
Example. Suppose we have four two-spheres S1, . . . , S4 with S1 ∩ S2, S1 ∩
S3, and S2 ∩ S3 circles. Denote the circles C12, C13, and C23 respectively.
Suppose further that S1∩S2∩S3 is exactly two points, S1∩S4 = S2∩S4 = ∅ ,
and S3 ∩ S4 is a single point. Then the poset has twelve elements, and the
associated order complex has twelve vertices and is of dimension three.
Let P0 be the subposet of all elements which are spheres, including the
maximal element 1̂.
Then, letting ≃ denote homotopy equivalence and P<p denote the sub-
poset of elements less than p, Theorem 2.7 of [9] gives
∪Si ≃ ∆(P<1̂) ∨ (∆(P<p) ∗ Sd(p)
where the wedge product ∨ is taken over all p ∈ P0 \ 1̂, ∗ denotes join, and
Sd(p) is a sphere of dimension equal to the geometric dimension d (p) of p.
Now by Alexander duality, Corollary 2.8 of [9] gives
Theorem 5. The cohomology groups of the complement of a union of round
two-spheres are given by
H˜ i(R3 \ ∪Si) ∼=
⊕
p∈P,d(p)6=0
H˜1−d(p)−i(∆(P<p)) .
Recall that the number of path components of a space is equal to the rank
of the zero-th unreduced cohomology group of the space.
In the above Example, {p ∈ P | d(p) 6= 0} = {S1, S2, S3, S4, C12, C13, C23, 1̂}
and terms contributing to homology in the direct sum are (i) H˜0(∆(P<Cij ))
where ∆(P<Cij ) is two points for each Cij, (ii) H˜2(∆(P<1̂)), and (iii) one
copy of the integers for each Si (by convention H˜−1(∅) ∼= Z). So contribu-
tions to the rank of H˜0(R3 \∪Si) are one from each Ci, one for each Si, and
one for H˜2(∆(P<1̂)). To see the last, note that in ∆(P<1̂) there is a hexagon
formed by six edges (C12 to S1 to C13 to . . .to S3 to C13). This hexagon
is suspended at two points P1 and P2. Finally, there are two additional
vertices Q and S4, and two edges S3Q and QS4. Thus in the example the
complement of the four round two-spheres has nine path components.
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5.1. Collections of spheres that intersect generically. Let us compare
the result just proved with our earlier consideration of the maximal case.
When the m round two-spheres intersect generically, one has
• The original m copies of S2.
• As double intersections, (m2 ) copies of round circles.
• As triple intersections, (m3 ) copies of S0 (i.e. 2(m3 ) points).
In order to determine the number of path components, we need to under-
stand ∆(P
<1̂). A direct count of simplices shows that the euler character-
istic is
2
(
m
3
)
−
(
m
2
)
+m
Clearly ∆(P
<1̂) is simply connected (it has the homotopy type of a wedge of
two-spheres), so the second betti number b2(∆(P<1̂)) = 2
(
m
3
)− (m2 )+m−1.
Thus the number of path components of R3 \ ∪Si in the generic case is
m+
(
m
2
)
+ 2
(
m
3
)
−
(
m
2
)
+m− 1 + 1 = 2
(
m
3
)
+ 2m
which checks with our calculation of the maximum number earlier. Thus
the generic case is the maximal case.
5.2. Apply to spheres coming from polygons.
Corollary 6. The number of knot types obtainable by inverting a given
n-edge knot is at most
1
24
(
n6 − 9n5 + 21n4 + 9n3 − 22n2 − 96n)
Proof. By Theorem 2, the number of knots is bounded by the number of
complementary domains of (at most) n(n−3)2 spheres. Use this value for m
in the bound from Theorem 4. 
6. Exponentially many n-segment knot types
Theorem 7. The number of knot types representable by polygons with n or
fewer edges is exponential in n, in particular ≥ 112 (
√
2
n − 4).
Proof. Ernst and Sumners showed [2] that the number of prime knot types
(distinguishing mirror images) that can be represented with diagrams having
≤ q crossings is at least (1/3)(2q−2 − 1), so the total of all q-crossing knot
types is even greater. On the other hand, Negami showed [4] that if a given
knot type [K] can be realized with some q-crossing knot, then [K] can be
realized as a polygon with ≤ 2q edges. Thus the number of n-edge knot
types is at least as large as the number of (n/2)-crossing knots types, in
particular exponential in n. Substituting q = n/2 into the Ernst-Sumners
bound gives the lower bound 112 (
√
2
n − 4) 
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Remark. Strictly speaking, we should distinguish the cases where n is odd
vs. even in the above calculation, since q = n/2 must be an integer number
of crossings. So for odd n, we should substitute q = (n/2) − 1/2 in the
Ernst-Sumners formula. However, this bound only talks about prime knots.
If we include composite knots in giving a lower bound for the total number
of q crossing knot types, then by the time we get to q=20 or more crossings,
the total number of knot types is indeed larger than (1/3)(2q−2 − 1).
7. The whole group of Mo¨bius transformations
Suppose µ is any Mo¨bius transformation such that none of the vertices
of K is taken by µ to ∞. Then we can define µˆ(K) ⊂ R3, as before, by
connecting the points µ(v1), . . . , µ(vn) with lines.
Theorem 8. The number of knot types that can arise as µˆ(K) is at most
twice the number that can arise as ρˆ(K) for single inversions. Specifically,
if a knot is obtainable as ρˆ(K) then its mirror image is obtainable by an
additional inversion; but otherwise, composing inversions does not discover
additional knot types.
Proof. Let p = µ−1(∞). Note p is not one of the vertices of K.
If p =∞, then µ|R3 is an affine isomorphism, so µˆ(K) = µ(K), which is
the same knot type as K or K∗.
If p 6= ∞, then let ρ be inversion in a sphere of some radius centered at
p. The map µ ◦ ρ is a Mo¨bius transformation sending ∞ → ∞, hence an
affine isomorphism of R3. Thus µˆ(K) = (µ ◦ ρ)(ρˆ(K)) is of the same knot
type as ρˆ(K). So the knot types that can arise as µˆ(K) are precisely those
that arise as some ρˆ(K) and their mirror images.

8. Conclusion
The number of knot types obtainable by inverting a given n-edge knot is
bounded (Corollary 6) as
Number obtainable ≤ 1
24
(
n6 − 9n5 + 21n4 + 9n3 − 22n2 − 96n)
If we allow the whole Mo¨bius group, i.e. allow finite compositions of
inversions, then, from Theorem 8, the upper bound is at most doubled.
On the other hand, from Theorem 7, the total number of n-edge knot
types is bounded below as
All n-edge knots ≥ 1
12
(
√
2
n − 4) .
Thus for n = 72 edges and beyond, no given n-edge polygon can generate
all n-edge knot types by single inversion. And for n ≥ 75, no polygon can
be universal under the whole Mo¨bius group.
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9. Figures
Figure 1. Inverting a polygon through a sphere to get a
circle–arc polygon
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Figure 2. For this inversion of the upper trefoil K, ρ(K) is
a LH trefoil, and ρˆ(K) is a RH trefoil.
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Figure 3. With the same polygon K and a different inver-
sion sphere, we have ρ(K) is a LH trefoil, and ρˆ(K) is an
unknot.
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Figure 4. Inversions of the same figure-eight knot, giving
LH and RH trefoils, here seen as arcs of circles through the
center of inversion. (In the first figure, the center is near the
knot and some of the circles are very large. In the second
figure, the center is far away, so the circle-arcs are closer to
the polygon edges.)
MO¨BIUS TRANSFORMATIONS OF POLYGONS AND PARTITIONS OF 3-SPACE 15
10. Acknowledgements
Please see the comments in Section 2.4.
References
[1] J. A. Calvo, Geometric knot spaces and polygonal isotopy, J. Knot Theory and its
Ramifications 10 (2001), 245-267.
[2] C. Ernst and D.W. Sumners, The growth of the number of prime knots, Proc. Camb.
Phil. Soc. 102 (1987), 303-315.
[3] G. T. Jin and H. S. Kim, Polygonal knots, J. Korean Math. Soc. 30 (1993), 371-383.
[4] S. Negami, Ramsey theorems for knots, links, and spatial graphs, Trans. Amer. Math.
Soc. 324 (1991), 527-541.
[5] R. Randell, Invariants of piece-wise linear knots, in Knot Theory, Banach Center
Publications Vol. 42, V.F.R. Jones, J. Kania-Bartoszyn´ska, J. H. Przytycki, P. Traczyk,
V.G. Turaev, eds, pp. 307-319.
[6] E. Rawdon and J. Simon, Polygonal approximation and energy of smooth knots,
J. Knot heory and its Ramifications (to appear), preprint 2003 Mathematics ArXiv
GT/0305414.
[7] W. Thurston (and S. Levy Ed.), Three-Dimensional Geometry and Topology, Prince-
ton University Press, NJ, 1997.
[8] Y.-Q. Wu, software MING, http://www.math.uiowa.edu/∼Wu/ming/ming.html
[9] Ziegler, Gu¨nter and Zˇivaljevic´, Rade, Homotopy types of subspace arrangements via
diagrams of spaces, Math. Ann. 295, 527-548 (1993).
Department of Mathematics, University of Iowa,Iowa City IA 52242.
